
E F F E C T I V E  T H E R M A L  C O N D U C T I V I T Y  OF G R A N U L A R  M A T E R I A L S  

Y u .  A. B u e v i c h  UDC536.24.01 

Calculations are  made of the effective thermal  conductivity for m a c r o s c o p i c  heat t r ans fe r  
in a composite material  consist ing of a continuous medium (binder) with spherical par t ic les  
(filler) randomly distr ibuted through it. 

In investigating t rans fe r  p r o c e s s e s  in compo site ma te r i a l s  having a complex internal s t ructure  it i s 
often admissible  to regard the mater ia l  as  a continuous medium charac te r ized  by certain effective values 
of the corresponding t r ans fe r  coefficients.  As a resul t  there  a r i s e s  the problem of determining these val- 
ues  as  functions o f  the geomet r i c  p a r a m e t e r s  of the mater ia l  and the physical t r ans fe r  coefficients for the 
individual components of this mater ia l .  This problem was formulated by Maxwell and Rayleigh for granular  
ma te r i a l s  in connection with the determinat ion of the d ie lec t r ic  constant of dilute d ispers ions .  In spite of 
the considerable number of papers  on this subject (cf. summary  in [1, 2]) a r igorous  solution of this prob- 
lem exis ts  only for m a t e r i a l s  with a ~nall  volume concentrat ion of fi l ler.  Attempts to genera l ize  this solu- 
tion to ma te r i a l s  of high or  medium concentra t ions  are  c lear ly  phenomenological in charac ter .  

We pre sent an approximate theory of the thermal  conductivity of high-concentrat ion granular  m a ter -  
ia ls  based on the representa t ion of a fil ler par t ic le  as  a thermal  dipole perturbing the tempera ture  dis t r ibu-  
tion in the binder. In view of the analogy of the mathemat ica l  formulat ions  of the corresponding problems,  
the resu l t s  obtained are  applicable to calculations of the e lect r ical  conductivity, the d ie lec t r ic  constant, 
and the magnet ic  permeabi l i ty  of a granular  mate r ia l ,  and also the effective diffusion coefficient of some 
admixture in it. 

1. We consider a granular  mater ia l  consist ing of a continuous binder with a thermal  conductivity ~1 
and spherical  f i l ler  par t ic les .  The number and volume densi t ies  of par t ic les  are  n and P respect ively,  and 
the d i~r ibut ion  function for par t ic les  of radius  a and thermal  conductivity ~2, normalized to unity, is de- 
noted by ~ (a, ~2)- F o r  any configuration of mater ia l  the t empera tu re  distr ibution in the binder and filler 
can in principle be obtained by solving the appropria te  heat-conduction equations and satisfying certain ini- 
tial and external boundary conditions and conditions for the continuity of the t empera tu re  and heat flux at 
the surfaces  of all par t ic les .  Sucha problem cannot be solved at the present  time. Fur ther  difficulties 
a r i se  from the fact that the detailed disposit ion of the pa r t i c l e s  in actual m a t e r i a l s  (i.e., their  configura- 
tion) is general ly  unknown and can only be descr ibed stat ist ical ly.  

t towever, if the cha rac te r i s t i c  l inear scale L of the variat ion of n and p is  much l a rge r  than the scale 
charac te r iz ing  the mic ro  s t ructure  of the mate r ia l ,  and the same o rde r  of magnitude as  the average distance 
between par t i c les  l ~a0p- ~/3 > a0 ' where a 0 is a typical v ~ u e  of the radius  of a part icle,  it is  general ly  not 
neces sa ry  to go into a detailed determinat ion of the m i c r o s c o p i c  tempera ture  distribution. Actually in this 
case there exis ts  a physical ly ~mall volume which contains a representa t ive  number of par t ic les  sufficient 
for averaging, and the mate r ia l  within this volume can be assumed m acroscopical ly  homogeneous.  

For  simplicity we as.~Lme that the mater ia l  is also macroscop ica l ly  isotropic.  If the t empera tu re  of 
the mater ia l  obtained by averaging over  such a volume changes significantly over d is tances  of the o rder  of 
L or ,  in any case,  much la rger  than l. the idea of an effective thermal  conductivity of a granular  mater ia l  
h can be introduced as a proport ionali ty factor  between the average values of the heat flux and the t empera-  
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t u r e  g r a d i e n t ,  i . e . ,  

[Q] -- - -  ~, [VT] = --  LV [TI 

F r o m  now on,  s q u a r e  b r a c k e t s  deno te  a v e r a g i n g  o v e r  a p h y s i c a l l y  s m a l l  vo lume .  

(1.1) 

C l e a r l y  we can w r i t e  

[QI = (1 - 9) [Q,I + n ~  v (a)~p (a, }~2) [~21 (a,)v2)dad)~ 2 (1.2) 

V IT] = (t - -  p) V [T,] + n j'~ v (a) $ (a, X2)V [T2] (a, "p~) da d'~.z 

w h e r e  v(a) i s  the vo lume  of  a p a r t i c l e ,  and the s u b s c r i p t s  1 and 2 r e f e r  to the  b i n d e r  and f i l l e r  r e s p e c t i v e l y .  
I t  i s  c l e a r  that  

[QI] = - - } v ,  VIT t l ,  [Q2I (a, L 2) = - - } . 2 V [ T ~ I  (a,},~) (1.3) 

If Eq. (1.1) i s  s a t i s f i ed ,  the equa t ion  d e s c r i b i n g  m a c r o s c o p i c  hea t  t r a n s f e r  in the  m a t e r i a l  i s  

O [ T l / 0 t -  V(~.ViTzl)  (1.4) 

w h e r e  f o r  s i m p l i c i t y  we have t aken  the s p e c i f i c  hea t  a s  uni ty .  

F r o m  (1.4) we have cc ~ ),L -~ ~ h l L  -a, w h e r e  w i s  the  c h a r a c t e r i s t i c  f r e q u e n c y  of the  p r o c e s s .  F r o m  
t h i s  and the i nequa l i t y  L>" l~ a, t h e r e  fo l lows  a r e s t r i c t i o n  on the f r e q u e n c y  w of the  h e a t - t r a n s f e r  p r o c e s s ,  
which  by us ing  (1.1)-(1.4)  can be c o n s i d e r e d  a s  o c c u r r i n g  in a h o m o g e n e o u s  m e d i u m  with t h e r m a l  conduc -  
t i v i t y  ~.  We ob t a in  

(o ~ ~.a -2 ~ ~.~a--" t l .5 )  

T h i s  i nequa l i t y  h o l d s  a l so  when the e f f ec t i ve  t h e r m a l  conduc t iv i ty  d e p e n d s  on co, i . e . ,  when (1.1) and 
(1.4) a r e  s a t i s f i e d ,  fo r  e x a m p l e ,  fo r  the  F o u r i e r  c o m p o n e n t s  of [Q] and ~7[T] but  not fo r  t h e s e  q u a n t i t i e s  
them s e l v e s .  

It fo l lows  f rom (1.2) and (1.3) that  the va lue  of  ), c h a r a c t e r i z i n g  the i s o t r o p i c  g r a n u l a r  m a t e r i a l  under  
c o n s i d e r a t i o n  can be d e t e r m i n e d  by f inding the r e l a t i o n  b e t w e e n  the a v e r a g e  t e m p e r a t u r e  g r a d i e n t  in p a r t i -  
c l e s  of r a d i u s  a and t h e r m a l  conduc t iv i ty  9, 2 and the a v e r a g e  t e m p e r a t u r e  g r a d i e n t  in the b i n d e r .  T h e r e f o r e  
i t  i s  r e a s o n a b l e  to r e p l a c e  the  o r i g i n a l  p r o b l e m  of d e t e r m i n i n g  the t r u e  m i c r o s c o p i c  t e m p e r a t u r e  d i s t r i b u -  
t ion  in the  m a t e r i a l  by a s i m p l e r  p r o b l e m  f o r m u l a t e d  for  the a v e r a g e  m ac re  s c o p i c  t e m p e r a t u r e s  of  the b ind -  
e r  and f i l l e r .  

To t h i s  end,  we c o n s i d e r  an e n s e m b l e  of N p a r t i c l e s  of the  m a t e r i a l  in a volurne V>" l 3 such tha t  wi th -  
in t h i s  vo lume  the p o s s i b i l i t y  of  n and p depend ing  on r can be n e g l e c t e d ,  i . e . ,  the  m a t e r i a l  can be c o n s i d e r e d  
s t a t i s t i c a l l y  h o m o g e n e o u s .  We i n t r o d u c e  the N - p a r t i c l e  d i s t r i b u t i o n  funct ion of the  e n s e m b l e  V,(BN), n o r m -  
a l i z e d  to uni ty ,  w h e r e  B N d e n o t e s  the set  of  r a d i u s  v e c t o r s  to the  c e n t e r s  of the N p a r t i c l e s  of the e n s e m b l e  
and t h e i r  r a d i i  and t h e r m a l  c o n d u c t i v i t i e s .  In add i t i on  we i n t r o d u c e  the  e n s e m b l e  d i s t r i b u t i o n  func t ions  

q~(BN_~lr, a) and qO(NN.~]r, a; r ' ,  a ' ) .  

The  f i r s t  funct ion  i s  the  cond i t iona l  p r o b a b i l i t y  d e n s i t y  of  the c on f igu ra t i on  BN_ ~ of  a l l  N - 1 p a r t i c l e s  
of  the e n s e m b l e  e x c e p t  a c e r t a i n  s e l e c t e d  one ,  if i t  i s  known that  the  c e n t e r  of the s e l e c t e d  p a r t i c l e  i s  at the  
po in t  r and i t s  r a d i u s  i s  a .  The  second  d i s t r i b u t i o n  funct ion  i s  the p r o b a b i l i t y  d e n s i t y  of  the con f igu ra t i on  
BN_ 4 when t h e r e  a r e  two s e l e c t e d  p a r t i c l e s  of r a d i i  a and a '  at  the  po in t s  r and r ' .  T h e s e  d i s t r i b u t i o n  func-  
t ion  s p e r m i t  the  d e t e r m i n a t i o n  of the e n s e m b l e  a v e r a g e  of  any quan t i ty  F which d e p e n d s  on the c o o r d i n a t e s ,  
r a d i i ,  and t h e r m a l  c o n d u c t i v i t i e s  of  m a n y  p a r t i c l e s .  We have 

<F>:I:_2 = f F~(B.~-21 r, a; r', a')dBN_e 
(1.6) 

The properties of the ensemble distribution functions and the corresponding averages in (1.6) were 
considered, for example, in [3-5] in the analysis of the slow flow of a fluid in a cloud of spherical particles. 
T_be following properties are important in what follows. 

There are the identities 

(p (B,~,-) = (I)(r, a, ~,z)q)(Bt,._t[ r, a) 

q0(B,~,_,l r, a) = (p(r', a ' ,  ~ l r ,  a)tp(B,~._~l r, a; r ' ,  a') (1.7) 
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where  q~(r, a, )'2) and qJ(r, a, ~.21r: a') a r e  the uncondi t ional  and condi t ional  s i n g l e - p a r t i c l e  (unary) d i s t r ibu-  
t ion funct ions  n o r m a l i z e d  to unity.  Since i t  has  been  a s s u m e d  that  the m a t e r i a l  in the v ic in i ty  of  any pa r t i -  
cle can be cons ide red  s t a t i s t i ca l ly  hom oge neous ,  we have the a p p r o x i m a t e  r e l a t i on  between ~( r ,  a, X2) and 
the function "d(a, )'2) in t roduced  e a r l i e r :  

q~ (r, a, ~'2) ~ V-lq ~ (a, ~'2) (1.8) 

F r o m  the a s s u m p t i o n s  of  the s ta t i s t i ca l  homogene i ty  of  the m a t e r i a l  and the r andom packing  of  p a r t i -  
c l e s  in it t he r e  fol lows 

q D ( r ' a ' i ~ l r " a ' ) =  { (p(r,a, 7%), I r - - r ' l ~ a  : -a '  
O, l r _ r , l , ~ a + a ,  (1.97 

F ina l ly  in a c c o r d a n c e  with the a n a l y s i s  in [3-5] we c o n s i d e r  a quant i ty  F such that  each  individual 
p a r t i c l e  a f fec t s  F v e r y  s l ight ly ,  and only the ef fec t  of m a n y  p a r t i c l e s  is  s ignif icant .  F o r  such a quant i ty  
we can wr i te  a ~ n p t o t i c  equa t ions  valid for  N>: 1 

( F )I'~'-2 := (1")~,-~ -! -O~(N- ' )  = "~ F)  -',- O~_(:'V -~) (1.10) 

which e x p r e s s  the p r o p e r t i e s  of  s t a t i s t i ca l  s tabi l i ty  of the ensemble .  If Eq. t l .10) i s  not sa t i s f ied ,  for  ex-  
ample ,  fo r  the t e m p e r a t u r e  in a g r a n u l a r  m a t e r i a l  the v e r y  concept  of a s t a t i s t i ca l  de sc r i p t i on  of the hea t -  
t r a n s f e r  p r o c e s s  in the m a t e r i a l  b e c o m e s  m e a n i n g l e s s .  

2. Let  us  cons ide r  next the t r a n s f e r  of  heat  in the vic ini ty  of  a ce r ta in  tes t  p a r t i c l e  se lec ted  f rom the 
e n s e m b l e  of N p a r t i c l e s .  Let  the cen te r  of this  p a r t i c l e  be at the point r =  0 ~nd i t s  r a d i u s  be a .  In view 
of {he l inea r i ty  of  the h e a t - c o n d u c t i o n e q u a t i o n ,  the t e m p e r a t u r e s  in the b inder  can be wr i t ten  as  

N - - 1  

rl(t, r) = r0(t, r) + ~ T(Z(t, r; r (j), a (i), k(~ j)) t2.1) 
j=x 

t Ie re  T O is  the t e m p e r a t u r e  of the b inder ,  unpe r tu rbed  by the p a r t i c l e s ,  and T(J ) i s  the pe r tu rba t i on  
in t roduced  by the j - th  pa r t i c l e .  The quant i t i es  in t roduced  in Eq. (2.1) sa t i s fy  the equa t ions  

OTo/ Ot = 3,~ A To, OTr / Ot : )~AT(J) -'.- G~J) (2.2) 

whe re  G (j) i s  the heat  sou rce  s imula t ing  the ef fec t  of the j - th  pa r t i c l e  on the t e m p e r a t u r e  d i ~ r i b u t i o n  in 
the b inder .  T h i s  quantitT can be wr i t t en  in the fo rm 

G (j) : ~ q(t, r )5(r  - -  R~ li) = ~-o ~: nVr(J~{ t, r )5(r  --  R(J)) dR (j) 
s i s 1 

(R(J) : r(J) + a (i)) 
(2.3) 

Here  a(J ) i s  the v e c t o r  connect ing  the cen t e r  r (j) of the p a r t i c l e  and an a r b i t r a r y  point  on i ts  su r f ace  
sj, n i s  the ou tward  n o r m a l ,  and q is  the heat  flux dens i ty  at sj c o r r e s p o n d i n g  to the t e m p e r a t u r e  p e r t u r b a -  
t ion due to the j - th  pa r t i c l e .  

Expanding the de l ta  funct ion in (2.37 in a power  s e r i e s  in the c o m p o n e n t s  of  the v e c t o r  a (J ) , we obtain 

G (a3 = (~ q (t, R(Jh ~ . ,  ~ ~ (- i)~ (a(J)V)m 6 ( r -  r(~))da (j) = ~ " G i ~ . . . v ( t ,  r(s)) OriO 
~i m ra 

mGi~...p(t,r(i) ) = ( - i )  m ~ v<J),#S)~O~ ..a~)da(~) 
m !  q ( t ,  ~ p'~i " ~  �9 

s i 

o 
Orp 6 (r -- r (J)) 

(2.4) 

The m - t h  o r d e r  t e n s o r s  mG a r e  the mul t ipo le  m o m e n t s  of  the source  G (j) d i s t r i bu t ed  o v e r  the su r f ace  
o f  the j - th  p a r t i c l e ,  and Eq. (2.4) i s  the expans ion  of th i s  s o u r c e  in point mu l t i po l e s .  The p a r t i c l e s  ne i the r  
p roduce  nor  abso rb  heat  and t h e r e f o r e  for  s t e a d y - s t a t e  hea t  f low the f i r s t  t e rm (monopole)  in e x p r e s s i o n  
(2.47 is  ident ica l ly  ze ro .  In a nons t a t i ona ry  p r o c e s s  th i s  t e r m  d e s c r i b e s  the exchange  of  heat  between the 
b inder  and the f i l l e r  p a r t i c l e s  and is  g e n e r a l l y  d i f f e ren t  f r o m  z e r o .  However ,  it can be shown that  it i s  of  
the o r d e r  (a//L) 2 and should be omi t ted .  The fol lowing t e r m s  in (2.47 correspondi t~g to the dipole ,  qu a d ru -  
pole ,  and h igher  m o m e n t s  of the ~ u r c e  G (j) a re  g e n e r a l l y  not ze ro .  Hencefor th  we shall take account  only 
of  the dipole t e r m ,  neglec t ing  all the o t h e r s .  Th i s  c o r r e s p o n d s  to r ep l ac ing  the r e a l  pe r tu rba t i on  due to the 
j - th  p a r t i c l e  by the p e r t u r b a t i o n  p roduced  by a point t h e r m a l  dipole at the point  r (j). 
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Thus we have from (2.2)-(2.4) 

~ T  o ] ~t  = ~IATo,  ~T  iJ) / a t  = ~,IAT (j) - -  D(J)V6 ( r  - -  r (j)) 

DO) = ~'1 ~ nVT (i) Ir=a(~)a~ O) 

Summing Eqs.  (2.5) and using (2.1) we obtain 

N--I 
0r, = ~.,AT1-- ~ D~i)V6(r- r fj)) 
@t 

.i=1 

(2.5) 

(2.6) 

This  equation d e t e r m i n e s  the t e m p e r a t u r e  in the space s between the par t ic le  s in the dipole approxim a- 
tion. 

We average  Eq.(2.6) with the conditional d is t r ibut ion function q~(BN-11 0, a). Using Eqs. (1.6)-(1.10) 
and the fact  that the vec to r  D (j) depends strongly on the p a r a m e t e r s  of the j - th  par t ic le  so that Eqs. (1.10) 
a re  not n e c e s s a r i l y  t rue  for this  vec to r ,  we have 

<OT~/Ot>k,_~--  O<T~>/Ot ,  <Ar,>~,_x ~ A (TI> 

< D ( J ) V 6 ( r - -  r(J))> '~-~ = T < D ( J ) > i ' , _ # ( [ r  - -  r (~) ] - -  - -  a )  • 

• V6 (r -- r ~j)) r  (~), ~J))daO)dk~i)dr (j) = 

= V <DO)>~-2U([r - - r ( i ) l -  a(i) - -a ) lP(a ( j ) ,  "2 / . . . . .  2 c 

( 2 . 7 )  

where  H(x) i s  the Heaviside function. 

All of the equations involved are  essen t ia l ly  l inear  so that one can expect  a l inear  dependence of 
<D(J)>N..~" on (T1)N_~". On the other  hand the only dis t inguishable  d i rec t ion  close to the j - th  par t ic le  is  de-  

t e rmined  by the vec tor  ~7<Tl>N_2". T h e r e f o r e  it is  natural  to a s sume  

< D(J)>~,_2 ~ A (a (j', ~.~i)) V <T1>~,-2 = A (a 0~, ~J))V <TI> (2.8) 

The last  equality in (2.8) follows f rom t1.10). Thus f rom (2.6)-t2.8) we obtain an equation for the a v e r -  
age heat t r an s f e r  in the vicinity of the tes t  pa r t i c le  

0 <rl> / ot = v {n' (r, a) V <7'i>} 

~,' (r, a ) = Z , -  n S! A (a', ~,~) H ( r - -  a - -  a ' ) t~(a ' ,  },2)da' d~,2 
(2.9) 

Here  A'(r, a)  p lays  the ro le  of the apparent  t he rma l  conductivity of the medium surrounding the tes t  
pa r t i c l e  and consis t ing of the binder  and the point t he rma l  d ipoles  d i spe r sed  in it and simulating the o ther  
f i l ler  pa r t i c l e s .  Thus,  the problem of t he rma l  conductivity in a rea l  binder in the spaces  between the pa r t i -  
c les  is  rep laced ,  in the s ta t is t ical  sense and within the f r a m e w o r k  of the dipole approximat ion ,  by another  
problem for  a cer ta in  f ict i t ious homogeneous medium occupying all of space and having a t he rma l  conduc- 
t ivi ty different  f rom the the rmal  conductivity of the binder.  

The der iva t ion  presented  for Eq. (2.9) can be r ega rded  as  a r igo rous  theore t ica l  just i f icat ion of the 
phenomenological  concept of a f ict i t ious medium surrounding each pa r t i c l e  of a g ranu la r  m a t e r i a l ,  an idea 
which has been used in one form or another  in all the p a p e r s  on the the rma l  conductivity of concentra ted 
g ranu la r  m a t e r i a l s  known to the author (of. s u m m a r y  in [1, 2]). However,  the apparent  the rma l  conductiv- 
ity of this  medium,  ~v (r, a), is not equal to the effect ive the rm al conductivity of the m a t e r i a l  i tself ,  a s was  
assumed  without justific,~tion in all the p a p e r s  ment ioned above, but depends  in genera l  on the di stance 
f rom the tes t  pa r t i c le .  We note that the concept of s l ayer  of va r i ab le  t he rma l  conductivity around a tes t  
pa r t i c le  follows also f rom the Kerne r  [6J phenomenological  model  proposed to de t e rmine  the e lec t r i ca l  
conductivity of g ranu la r  m a t e r i a l  s. 

Equation (2.9) m u s t  be solved together  with the equation 

< T~> / 0t = )~2 h < T2> (2.10) 

which holds inside the tes t  pa r t i c le ,  and the boundary conditions 
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~TI) -- (T~), k' (a, a) n V (Tx> = ~.zn V (T2>(r=a) 

V (T~>--+ E ( r -+  co), (T2) ~ oo(r=0) 
(2.11) 

where  E is  the specif ied t e m p e r a t u r e  g rad ien t  at an infinite d i s t ance  f rom the tes t  pa r t i c l e ,  a2`' (a, a)--)t v 

The solution of  p r o b l e m  (2.9)-(2.11) d e t e r m i n e s  (T2) as  a function of E and enab l e s  one to e x p r e s s  
the e f fec t ive  t h e r m a l  conduct iv i ty  of  the m a t e r i a l  2  ̀ in a c c o r d a n c e  with (1.1)-(1.3).  Actua l ly  the e n s e m b l e  
a v e r a g e s  of  T~ and T 2 d e s c r i b i n g  the t e m p e r a t u r e s  of  the b inder  and f i l l e r  can be ident if ied with the c o r r e s -  
ponding vo lume a v e r a g e s  appea r ing  in (1.2) and (1.3). At the same t ime the q u a n t i t y - X ' V ( T  1) (2,'= lira 2`'(r, 
a)  a s  r ~  ~) d e s c r i b e s  the a v e r a g e  heat  flux in the b inder ,  taking account  of  the ef fec t  of  the d i s p e r s e d  fi l-  
l e r  pa r t i c l e s ;  i .e . ,  it  m u s t  be ident if ied ~qth the vo lume a v e r a g e d  heat  flux in the g r a n u l a r  m a t e r i a l .  Thus  
we have 

(1",) .... [T,], (]'o) == fT.2], --  ~.' V (T , )  = [Q] (2.12) 

The las t  equat ion in (2.12) shows why the appa ren t  t h e r m a l  conduct iv i ty  2`' d i f f e r s  f rom both the t rue  
t h e r m a l  conduct iv i ty  of the b inder  2̀ 1 e s t ab l i sh ing  the r e l a t ion  bet-ween [Qll and V[T 1] of  (1.3), and f rom the 
e f fec t ive  t h e r m a l  Conductivity 2  ̀ of the m a t e r i a l ,  r e l a t ing  [Q] and V[T] in a c c o r d  with (1.1). 

The unknown coeff ic ient  A (a, 3.2) a p p e a r s  in the b a s i c  equat ion (2.9). T h e r e f o r e  all quan t i t i es  ob-  
ta ined by solving p r o b l e m  (2.9)-(2.11) will depend on th is  coeff ic ient  as  on a p a r a m e t e r .  In o r d e r  to obtain 
the equat ion for  this  p a r a m e t e r  and thus  to comple te  the theo ry  we apply the condit ion of s e l f - c o n s i s t e n c y .  
That  is ,  we use  the solut ion of p r o b l e m  (2.9)-t2.11) to ca lcu la te  the dipole  m o m e n t  D of the tes t  p a r t i c l e  in 
a c c o r d  with (2.7), which we wr i te  in a fo rm ana logous  to t2.8) with a coef f ic ien t  depending on A (a, 2,2). 
Equat ing  th is  coef f ic ien t  to A (a, 2,2 ) we obtain the r equ i r ed  equat ion.  

3. F o r  s impl ic i ty  we cons ide r  f i r s t  a g r a n u l a r  m a t e r i a l  conta in ing  p a r t i c l e s  of the same  size and the 
s a m e  t h e r m a l  conduct ivi ty .  In th is  case  we have for  2,'(r, a) f rom (2.9) 

.{ U : = ~ . , - - a ,  r > 2 a  
~.'(r, a) ~1 , r~--<2a, a = nA t3.1) 

Thus  the tes t  p a r t i c l e  i s  located in a medium with a t h e r m a l  conduct iv i ty  ~', but s epa ra t ed  f rom it 
by a concen t r i c  l aye r  of t h i c k n e s s  a and t h e r m a l  conduct iv i ty  2, I. The  ex i s t ence  of  such a l aye r  was  f i r s t  
sugges ted  in [6] f rom phenomenolog ica l  c o n s i d e r a t i o n s  and widely used subsequent ly ,  but  the th i ckness  of 
the in te rven ing  l aye r  r e m a i n e d  unknown. 

The l i nea r  sca le  of  the t e m p e r a t u r e  pe r t u rba t i on  in t roduced  by the tes t  p a r t i c l e  i s  of the o r d e r  of  a .  
T h e r e f o r e  it fo l lows f rom Eq. ~2.9) that  

O (l'a> /,')t [ o)a 2 (,)a'-' ~ "l 
V (XV <lh>) ] ). ;.1 

Here  o: is  e s t i m a t e d  f rom (1.5). Thus  the t ime de r iva t ive  in (2.9) should be omi t ted .  

Two c a s e s  a re  poss ib le :  2,2 ) Xl and ),2<< 2`1. In the f i r s t  ease  the t ime  de r iva t ive  should be omi t ted  in 
Eq. (2.10) a lso,  so that  we ac tua l ly  have a s t a t iona ry  hea t - conduc t i on  p rob lem around  the t e s t  pa r t i c l e .  
It is  c l ea r  that  in this  case  the ef fec t ive  t h e r m a l  conduct iv i ty  of the m a t e r i a l  does  not depend onw,  and Eqs .  
(1.1) and (1.4) a re  valid.  In the second case  the two t e r m s  in (2.10) can be of  the same  o r d e r  of magni tude  
and r e l a t i o n s  of the type (1.1) hold only for  the individual  F o u r i e r  componen t s  of  the a v e r a g e  t e m p e r a t u r e  
g r ad i en t  and the a v e r a g e  heat  flux, and the coe f f i c i en t s  in these  r e l a t i o n s  a re  d i f f e ren t  fo r  d i f fe ren t  c o m -  
ponents .  

We cons ide r  the f i r s t  case .  Tak ing  account  of (3.1). p r o b l e m  (2 .9) - (2 .11)  t akes  the fo rm 

:X(T1) ~ 0 ( r  >2a); A(/'1> , -=0 (a<.r<2a) 
A ( 7 ' 2 > = 0  (~<. )  

(T,.) -= (TI) . ,  ~,'nV <TI> = ;~.lnV (T1). (,- = 2a) 
<T,>.-=,,12," ~anV(Tl> , ~'.onV(I'2> (r =a) (3.2) 
<TI>->Er ( r ~ ) ,  ( T ~ > ~  (r=0) 
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w h e r e  E i s  the g iven  g r a d i e n t  of the  t e m p e r a t u r e  (TI> at  an in f in i t e  d i s t a n c e  f rom the t e s t  p a r t i c l e .  The  so -  

lu t ion of p r o b l e m  (1.2) h a s  the  fo rm 

<T,) = {t - -  4 A-' [6 (7 • 4- t7) - -  2 (5 n -4- 7)] (a 

<T,>, = 12 13A -I [x + 2 - -  (• - -  1) (a / r) a] Er 

<T2> = 36 13A-1Er, • = ~.,z / ~q, 13 = ~.' / ~,,, 

A := I ] (7•  + 17)-t- 5 •  

h) a} Er 

(3.3) 

F r o m  (2.3) the  hea t  flux d e n s i t y  q at  the s u r f a c e  of the t e s t  p a r t i c l e  ~s  

q = - -  ~ n  (V <TD - -  E)~=~ = - -  )~A-~[fi ( 2 9 •  17) - -5 •  - -  71 (3.4) 

Ca l cu l a t i ng  the  d ipo le  m o m e n t  of the t e s t  p a r t i c l e  f rom (2.7), c o m p a r i n g  the r e s u l t  with (2.8), and 
us ing  (3.1), we ob t a in  

a = --pq, ~,' : :  k, + pq (3.5) 

The second  of Eqs .  (3.5) ~4th q f rom (3.4) i s  the equa t ion  for  the unknown a p p a r e n t  t h e r m a l  conduc t iv -  
i ty  X', o r  the  coe f f i c i en t  fl = 2,'/~, whose  so lu t ion  i s  

6 = [2 ( 7 •  17)]  - '  { (2  -~- 2 9  p) • - -  1 0 - -  1 7 p  

:"  [ ( ( 2 + 2 9 p ) •  t 0 - 1 7 p ) ~  + 4 ( 1 _ p ) ( 5 •  7 ) ( 7 z  + 17)]';~} 
(3.6) 

F r o m  (1.2), (2.12) and (3.3) we have 

[QJ . . . .  ~, (l - p + 36 pxgA -~) E 

VIT]  = ( t - -  p + 3 6 p f i A  -~)E 
(3.7) 

w h e r e  A and fl, and x a r e  found f r o m  (3.3) and t3.6) r e s p e c t i v e l y .  The  e x p r e s s i o n  fo r  the e f f ec t i ve  t h e r m a l  

conduc t iv i ty  ~ fo l lows  f rom ( 1 . 1 ) a n d  (3.7): 

~, i3.A (Tx ~ 17) 3 + 5• 7 
kt -- (1 --  p) 3 + 36p.~ (1 -- .~) [(7• + t7) ~ + 5• + 71 + 36.~ '~ (3.8) 

w h e r e  fl i s  g iven  by (3.6). 

It i s  a l so  e a s y  to p r o v e  tha t  the flux [Q] f rom (3.7) i s  i d e n t i c a l l y  equal  to -X 'E =- ) , 1 /3E ,  a s  noted at  
the  end of the l a s t  sec t ion .  As  an i l l u s t r a t i o n  F i g .  1 shows X/X l a s  a funct ion of x =)~2/2~ fo r  v a r i o u s  v a l u e s  
of  P ( so l id  c u r v e s ) .  F r o m  (3.8) it  i s  e a s y  to ob ta in  a p p r o x i m a t e  e x p r e s s i o n s  fo r  ),/X~ which a r e  va l id  fo r  

s m a l l  p and s m a l l  and l a r g e  x .  

We note that  the i n t e r v e n i n g  l a y e r  s e p a r a t i n g  the t e s t  p a r t i c l e  f rom the f i c t i t i o u s  m e d i u m  with t h e r m -  
al  conduc t iv i ty  X' r e s u l t s  f rom the fac t  that  the f i l l e r  p a r t i c l e s  cannot  o v e r l a p .  Tak ing  accoun t  of t h i s  fac t  
i s  n a t u r a l l y  not v e r y  i m p o r t a n t  when the c o n c e n t r a t i o n  of  f i l l e r  i s  r a t h e r  s m a l l .  In t h i s  c a s e ,  i n s t e a d  of  
(3 .2 ) , the  p r o b l e m  b e c o m e s  the s i m p l e r  one of a t e s t  p a r t i c l e  i m m e r s e d  in a h o m o g e n e o u s  m e d i u m  with 
t h e r m a l  conduc t iv i ty  M. The  c o r r e s p o n d i n g  c x p r e s s i o n s  fo r  X/X 1 and fl = X'/X 1 a r e  

k/)~,---- 6 ( •  2 6 ) [ ( i  - -  p ) ( x +  26)-}-3p~]- '  (3.9) 

6 = ~I4 {2 ( I  - -  p) - -  x ( I  - -  3 P) + [(2 ( l  - -  p) - -  • ( l  - -  3 p))2 + 8 x ( l  - - p ) l V , }  

F o r  p > 1/3 both t h e s e  q u a n t i t i e s  b e c o m e  in f in i t e  a s  z - - ~ .  T h i s  s t r a n g e  r e s u l t  i s  of c o u r s e  due to the 
fact  tha t  the o v e r l a p p i n g  of p a r t i c l e s  i s  p e r m i t t e d  wi th in  the  f r a m e w o r k  of the  m o d e l  l e a d ing  to (3.9). The  
open  c u r v e s  in F i g .  1 a r e  for  2,/;~ f rom Eq. ~3.9). I t  i s  c l e a r  that  i f p  i s  not v e r y  l a r g e  and [~t] i s  not too 
d i f f e r e n t  f rom uni ty  the r e s u l t s  f rom the s i m p l i f i e d  m o d e l  u n d e r  d i s c u s s i o n  a r e  c l o s e  to t hose  f r o m  the 

e x a c t  f o r m u l a  (3.8). 

If the p a r t i c l e s  in the  g r a n u l a r  m a t e r i a l  have the s a m e  s i ze  a but d i f f e r e n t  t h e r m a l  c o n d u c t i v i t i e s ,  
i . e . ,  ~(a , ,  ~t 2) : ~(),2 ) 5 ( a '  - a ) ,  i t  i s  e a s y  to g e n e r a l i z e  (3.6) and (3.8) by us ing  the above  m e t h o d .  We o b t a i n  
the  fo l lowing  equa t ion  fo r  fl and the e x p r e s s i o n  fo r  X/X1: 
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M 
: a/~.l 

! 

- 2  o 

Fig.  1 

/ ! 
/ # l ()~)-(t +x --17) :3 -- 5• 7 d~,~ 

= t + p ::+i7).~ + 5 ~ + ' /  

(~ (;'.2) = v (a) nq~ 9.~)) 

(3. I0) 

The quan t i ty  M},l f rom (3.8) and t3.10) has  the i m p o r t a n t  p r o p e r t y  of 
be ing  independen t  of the r a d i u s  of the f i l l e r  p a r t i c l e s  a s  a consequence  of 
the fact that  (3.3) i s  a s e l f - s i m i l a r  so lu t ion  of p r o b l e m  (3.2). T h e r e f o r e  

if the g r a n u l a r  m a t e r i a l  c o n t a i n s  p a r t i c l e s  of v a r i o u s  s i z e s  Eqs.  (3.8) and 
(3.10) hold a s  be fo re  in the f i r s t  a p p r o x i m a t i o n .  To f ind the exact  r e l a t i o n  
for  ~'/~1 in th i s  case  it  i s  of c o u r s e  n e c e s s a r y  to solve p r o b l e m  (2.9)-t2.11) 
with the a p p a r e n t  t h e r m a l  conduc t iv i ty  ~ ' t r ,  a) as  a func t ion  of r .  We note 
that  the a p p r o x i m a t e  f o r m u l a  (3.9) for  X/k I c o r r e s p o n d i n g  to the mode l  of 
n o n o v e r l a p p i n g  s p h e r e s  in p r i n c i p l e  does  not depend e i t h e r  on the a v e r a g e  
s ize of the f i l l e r  p a r t i c l e s  o r  on the i r  s ize  d i s t r i b u t i o n .  

We now c o n s i d e r  the second case  when X 2 << )h. In t h i s  case  Eq. (1.1) does  not hold in  g e n e r a l .  A r e -  
l a t ion  of th i s  type i s  sa t i s f i ed  only by the F o u r i e r  t r a n s f o r m s  of the a v e r a g e  t h e r m a l  flux and the ave r age  
t e m p e r a t u r e  g r ad i en t .  F o r  s i m p l i c i t y  we l im i t  ou r  d i s c u s s i o n  to a m a t e r i a l  with g r a i n s  of the same  size 
and the same t h e r m a l  conduct iv i ty .  Us ing  t3.1) we obta in  f rom (2.9)-(2.11) the fol lowing p rob lem for  the 
F o u r i e r  t r a n s f o r m s  ~ and r 2o f  (T 1) and (T2): 

AT 1 = 0  (r >2a), AT1, = 0 ( a < r  <2a), i'-ox" 2---~2A'c 2 ( r<a)  

T l  = 1 :1 , ,  ~ - ' n V T l  = ~ l i l V T i ,  (r = 2a) (3.11) 
Zl, :- %, ~qnVT1, -- E2nV % (r :-:a) 

I~'T I .... ~' (r  ---* ~ ) ,  T 2 < ~ (r  = 0) 

where  s is  the F o u r i e r  t r a n s f o r m  of E, 

The solut ion of (3.11) i s  

~1 = [1 -]- B l ( a / r )  3] er, ~,,  [C, -- B,  ( a / r )  s] er 

% = C ( r - ' / ,  J~,  (k r -  ic~) e r  = C2 R (c ~) e r  

, , 3 f s i ' l  1/-~--'-i.l~ ] [ o ) a e ' ,  ' , r 

s~tx~= - ~ " -  t, 7"-~--77 cosl/-----Tz ,,, <:=,~). ,~~--u 

Here we have i n t roduced  the notation 

(3.12) 

Bt ..... 4 A -~ [ - -  fi (7• R 2 -4- 17 B~) ~ 2 (5z  R 2 +  7 B,)I  

B, = -- 12 ~A -~ (n R~ --  Rl) 

C, = 12 ~A -~ (• 2 -- 2 R1), C,., : :  36 ~A -~ 

t~, = R (c), R 2 - ( ~ d / d ~ - =  1) R (c~)k=, 

(3.13) 

where  the p a r a m e t e r s  z ,  fi, and A a r e  found f rom (3.3). The so lu t ion  of the s t e a d y - s t a t e  p rob lem (3.3) i s  
obta ined  from t3.12) and (3.13) by l e t t ing  c - -  0. 

The equa t ion  for fl ob ta ined  by the above me thod  a g r e e s  with the s i m i l a r  equat ion  of the s t e a d y - s t a t e  
p r o b l e m  so that fi a s  be fo re  i s  e x p r e s s e d  by us ing  (3.6). In the case  u n d e r  d i s c u s s i o n  X2<< Xj so that ~t ~ 0. 
T h e n  it  fo l lows f rom (3.6) that  

~ I -- P (3.14) 

By u s ing  the above method  to d e t e r m i n e  the F o u r i e r  t r a n s f o r m s  of the a v e r a g e  heat  flux and the a v e r -  
age t e m p e r a t u r e  g r a d i e n t  in the m a t e r i a l  c o r r e s p o n d i n g  to the so lu t ion  (4.12) we obta in  for  the ef fec t ive  
t h e r m a l  conduc t iv i ty  of the m a t e r i a l  X (~,) 

;'. ((,~) 24 -- 17'~ - - -  :,' i(oa~ .., 
).l 94.:-(36;--17 rs ' z . , ] /  - -  i c - -  I (3.15) 

1 
i i siu 

Sin --sinz 
l l ( c ~ ) d r - : 3  , Siz = " dE v (a}/r sin z -- cos :, 

r < ~  k" 
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Here the contour of integration C encloses  the points 0 and z in the complex z plane. Equation (3.14) 
was  used in deriving (3.15). 

The relat ion between [Q] and XT[T] which rep laces  Eq. (1.1) in the present  case is 

[Q] = - tei~ V'cd:o, V'c ~ fe-i~ [T] dt (3.16) 

The equation of macroscop ic  t ransfer  in a granular  mater ia l  becomes  (see (1.4)] 

a at[l'l _ V i i ei~(t-t"~" (~o) V [rlt-t.doJdt'_ (3.17) 

where }, (w) is given by (3.15). 

Thus when the thermal conductivity of the f i l ler  is much smaller  than that of the binder there is an 
appreciable frequency dispers ion of the effective thermal  conductivity of the granular  mater ia l .  This has  a 
pronounced effect on nonstationary heat t ransfer  in such granular  m a t e r i a l s  and must  be taken into account, 
for example, in analyzing the resu l t s  of dynamic exper iments  with composite ma te r i a l s ,  granular ,  dense,  
and pseudo fluidized beds, etc. (see, for example, [7, 8]). 

In conclusion we note some possible ways of generalizing the proposed theory. F i r s t  it seems  appro- 
pr iate  to investigate in more  detail the degree of applicability of the dipole approximation used above. As 
follows from the discussion in [1] the next (quadrupole) term in expansion (2.4) can become important  for 
x >> 1 or  x << 1. We note that the contribution of point thermal  quadrupoles in the expression for },/9,j depends 
strongly on the radius  of the part icles .  However, since the experimental  values of the effective thermal  
conductivity of granular  ma te r i a l s  vary  slowly with grain size it can be concluded that the quadrupole mo-  
ments  have a relat ively insignificant effect on heat t ransfer  in a granular  mater ia l .  

The general  method descr ibed above can be applied to the investigation of granular  m a t e r i a l s  of a 
m o r e  complex s t ructure  containing nonspherical filler par t ic les  with various distribution functions for 
the pa r ame te r s  character iz ing the orientation of the par t ic les .  In par t icular  if this function is anisotropic 
the effective thermal  conductivity of the granular  mater ia l  becomes  a tensor  instead of a scalar .  

Finally in a number of pract ical  p rob lems  it is  important  to take account of the contact thermal  re -  
sistance between contiguous fil ler grains ,  the radiation component of the heat t rans fe r ,  and a possible 
t empera ture  jump at grain surfaces  in beds filled with low-pres su re  gas. None of these phenomena were 
taken into account above. 

We note also that the formulas  obtained for  ~'/}'1 can be used direct ly  to calculate the effective diffu- 
sion coefficient of a substance in a granular  mater ia l  and also to calculate effective s teady-sta te  values of 
the e lectr ical  conductivity and the die lect r ic  constant or  magnet ic  permeabil i ty  of granular  conductors  and 
d ie lec t r i cs  because these quantities are  completely analogous to }, in (1.1)-~1.3), and the corresponding 
mathemat ical  problem s for the concentration of mat te r  and the e lec t r ic  or  magnet ic  potentials have exactly 
the same form as in problem (2.9)-(2.11) for the tempera ture .  
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